A proposed definition is given for the quantization of a Poisson algebra, taking the quantum product to be a geodesic on the manifold of associative products.
Let A be a Poisson, Banach *-algebra with 1. This means A is a Banach space over C with the following structures: An associative bilinear product
An identity 1 ∈ A satisfying 1 • f = f 1 = 1 An antilinear involution * : A → A satisfying (αf + βg) * =ᾱf * +βg
The bounded bilinear products naturally form a Banach space, denoted BP (A), with norm given by
Definition 2. A bilinear product ⋆ is a star product if (A, ⋆, * , 1) is still a Banach *-algebra with 1, that is ∀f, g, h ∈ A,
Let S(A) be the space of star products. Because the associativity condition is nonlinear, S(A) is a submanifold of BP (A). As a Banach space, BP (A) has a natural derivative operator ∇. Let∇ be the pullback of ∇ to S(A).
Definition 3. The quantum product is a smooth curve ⋆( ) in S(A) with tangent⋆( ) such that ⋆(0) = •,⋆(0) = ip/2, and which is a geodesic of∇:
Definition 4. An automorphism of A is a continuous, invertible linear map U : A → A that preserves the structures of A:
Theorem 1. The quantum product is invariant under automorphisms, that is, for any automorphism U ,
Proof. Every automorphism preserves 1 and * , and also preserves associativity of bilinear products. So the submanifold S(A) is invariant under automorphisms. Since U is linear, it preserves the derivative operator ∇ and hence also the pullback∇. Thus it preserves geodesics on S(A). A geodesic is uniquely determined by its initial point and initial tangent, and U preserves • and p.
This prescription must be altered for the case of the algebra of smooth functions on a Poisson manifold. This space is not naturally a Banach space, so the above conditions involving the norm and boundedness do not apply. However, A = C ∞ (M ) does have a natural topology as a Frechet space, so the norm conditions can be replaced by the appropriate continuity conditions. Although the space BP (A) of continuous bilinear products is not naturally a Frechet space, one can still consider a derivative operator on it defined as usual:
Then one can attempt to consider geodesics on S(A). The topological details of this require further consideration.
The usual quantum mechanical Weyl algebra on a phase space is infinite dimensional, so it is difficult to check whether its product is indeed a geodesic on S(A). However, the fermionic case of the Clifford algebra is finite-dimensional, so it can be explicitly verified that the Clifford product satisfies the fermionic version of above construction, using the methods of finite-dimensional linear algebra and differential geometry. This has been done for Cliff(2) and Cliff(3) (see appendix). An easy check of whether a curve is a geodesic uses the method of Lagrange multipliers. Suppose we are working in a vector space with inner product, and the constraint manifold is given by an equation
where f is some function. Then a curve x( ) on this manifold is a geodesic if and only if there exists a dual vector λ a ( ), the Lagrange multiplier, such thaẗ
In our case, the vector space is the space BP (A) of bilinear products, and the constraint function is the associator:
so the geodesic equation becomes
In the case of Cliff(n), let ⋆ be the Clifford product. If this linear equation has a solution for λ, then the Clifford product is a geodesic. Since dim Cliff(n) = 2 n and dim BP (Cliff(n)) = 8 n , the calculation is cumbersome for even the smallest nontrivial n. 
A Appendix
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